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Abstract
A graph G is 2-stratied if its vertex set is partitioned into two classes (each of which is a
stratum or a color class.) We color the vertices in one color class red and the other color class
blue. Let F be a 2-stratied graph rooted at some blue vertex v. The F-domination number
F (G) of a graph G is the minimum number of red vertices of G in a red–blue coloring of
the vertices of G such that every blue vertex v of G belongs to a copy of F rooted at v. In
this paper we investigate the F-domination number for all 2-stratied graphs F of order n6 3
rooted at a blue vertex.
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1. Introduction
A graph G whose vertex set has been partitioned is called a strati2ed graph. If the
partition is V (G) = {V1; V2}, then G is a 2-stratied graph and the sets V1 and V2 are
called the strata or sometimes the color classes of G. We ordinarily color the vertices
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of V1 red and the vertices of V2 blue. In [16], Rashidi studied a number of prob-
lems involving stratied graphs; while distance in stratied graphs was investigated in
[1–3].
A set S ⊆ V (G) of a graph G is a dominating set if every vertex not in S is
adjacent to a vertex in S. The domination number of G, denoted by (G), is the
minimum cardinality of a dominating set. A dominating set of G of cardinality (G) is
called a -set of G. The concept of domination in graphs, with its many variations, is
now well studied in graph theory. The book by Chartrand and Lesniak [4] includes a
chapter on domination. For a more thorough study of domination in graphs, see Haynes
et al. [9,10].
In Chapter 11 of [9], it is proposed that domination and it variations be studied from
a general viewpoint, that is, a higher level of abstraction called a framework. Several
frameworks are presented in [9] as a way of unifying the eld. Each framework facil-
itates the natural grouping of a large collection of domination and related parameters
and suggests relationships among them. Many of the frameworks have provided theoret-
ical and algorithmic insights leading to generalized theorems and “template” algorithms
applying to similarly formulated problems. Our aim in this paper is to present a new
mathematical framework for studying domination. We show that the domination number
and many domination related parameters can be interpreted as restricted 2-stratications
or 2-colorings, with the red vertices forming the dominating set. This framework places
the domination number in a new perspective and suggests many other parameters of a
graph which are related in some way to the domination number.
2. A new framework for domination
Let F be a 2-stratied graph rooted at some blue vertex v and containing at least
one red vertex. We dene an F-coloring of a graph G to be a red–blue coloring of
the vertices of G such that every blue vertex v of G belongs to a copy of F rooted at
v. The F-domination number F(G) of G is the minimum number of red vertices of
G in an F-coloring of G. We call an F-coloring of G that colors F(G) vertices red
a F -coloring of G. The set of red vertices in a F -coloring is called a F -set.
If G has order n and G has no copy of F , then certainly F(G) = n. As we shall
see, the converse is not true.
Let F be a K2 rooted at a blue vertex v that is adjacent to a red vertex. An F-coloring
of G is then a red–blue coloring of the vertices of G with the property that every blue
vertex is adjacent to a red vertex. Notice that the red vertices of G correspond to a
dominating set of G. Hence, (G)6 F(G). On the other hand, given a -set of G we
color the vertices in this set red and all remaining vertices blue. This red–blue coloring
of the vertices of G has the property that every blue vertex is adjacent to a red vertex
and is therefore an F-coloring of G (where F is a 2-stratied K2). Thus, F(G)6 (G).
Consequently, if F is a 2-stratied K2, then F(G) = (G). Thus domination can be
interpreted as a restricted 2-stratication or 2-coloring, with the red vertices forming
the dominating set. Clearly, this F-coloring is the only well-dened one for connected
graphs F with order 2.
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Fig. 1. The ve 2-stratied graphs P3.
Fig. 2. Graph G = P4 ◦ K1.
In what follows we shall investigate the F-domination number for all 2-stratied
connected graphs F of order 3 rooted at some blue vertex v. In Section 3, F is taken
as a 2-stratied path P3 and in Section 4, F is a 2-stratied complete graph K3.
3. A 2-stratied P3
Let F be a 2-stratied P3 rooted at a blue vertex v. The ve possible choices for
the graph F are shown in Fig. 1. (The red vertices in Fig. 1 are darkened.)
The corona of two graphs G and H , denoted G ◦H , is the graph formed from one
copy of G and |V (G)| copies of H where the ith vertex of G is adjacent to every
vertex in the ith copy of H . An example of an F -coloring of G=P4◦K1 (the darkened
vertices are the red vertices) is illustrated in Fig. 2 where F ∈{F1; F2; : : : ; F5}.
3.1. The parameter F1 (G)
A total dominating set in a graph G is a subset S of V (G) such that every vertex
of G is adjacent to a vertex of S. Every graph G without isolated vertices has a total
dominating set since S = V (G) is such a set. The total domination number t(G) is
the minimum cardinality of a total dominating set. Total domination in graphs was
introduced by Cockayne et al. [5].
Proposition 1. Let G be a graph without isolated vertices. If F = F1, then F(G) =
t(G).
Proof. Since G has no isolated vertices, G has at least one total dominating set. Let
S be a minimum total dominating set of G. Coloring the vertices of S red and the
vertices of V (G)− S blue produces an F-coloring of G. Hence, F(G)6 t(G).
To establish the reverse inequality, among all F -colorings of G, let C be chosen to
minimize the number of isolated vertices in the subgraph induced by its red vertices.
Since every blue vertex v in G is adjacent to a red vertex, the red vertices form a
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dominating set in G. We claim that every red vertex in C is adjacent to another red
vertex, for assume to the contrary that there is a red vertex u in G that is adjacent
only to blue vertices. Let v be a neighbor of u. Then v belongs to a copy of F
rooted at v. Thus, v must be adjacent to a red vertex w which itself is adjacent to
some other red vertex. Thus, u = w. Interchanging the colors of u and v produces a
new F -coloring of G having fewer isolated vertices in the subgraph induced by its
red vertices, contradicting the choice of C. Hence, as claimed, every red vertex in
C is adjacent to some other red vertex. The red vertices in C therefore form a total
dominating set of G. This implies that t(G)6 F(G). Consequently, t(G) = F(G).
Since the parameter F1 (G) is dened for all graphs G, while the parameter t(G)
is dened only for graphs without isolated vertices, Proposition 1 suggests that the
denition of F1 (G) may be preferable to that of t(G).
3.2. The parameter F2 (G)
For a given set S ⊆ V (G), if we color the vertices in S red and the remaining
vertices of G blue, then we will refer to such a coloring as the red–blue coloring
associated with S.
Proposition 2. Let G be a connected graph of order at least 3. If F = F2, then
F(G) = (G).
Proof. The red vertices in any F -coloring of G form a dominating set of G, and so
(G)6 F(G).
Among all -sets of G, let S be chosen so that the red–blue coloring associated with
S contains the maximum number of blue vertices v that belong to a copy of F rooted
at v. We claim that this is an F-coloring of G. Assume, to the contrary, that there is a
blue vertex v that does not belong to a copy of F rooted at v. Since S is a dominating
set of G, v is adjacent to red vertex w. By assumption w is not adjacent to any blue
vertex other than v. If v is adjacent to some other blue vertex u, then interchanging the
colors of v and w produces a -set whose associated red–blue coloring contains more
blue vertices v that belong to a copy of F rooted at v than does the associated coloring
of S, a contradiction. Hence, v is adjacent to no other blue vertex. If v is adjacent to a
red vertex x diMerent from w, then x is, by assumption, not adjacent to any blue vertex
other than v. But then (S − {w; x}) ∪ {v} is a dominating set of G, contradicting the
minimality of S. Hence, v must have degree 1 in G. Since G has order at least 3, w
is adjacent to some other red vertex y, say. The minimality of S implies that y must
be adjacent to a blue vertex z whose only red neighbor is y. But then interchanging
the colors of v and w produces a -set whose associated red–blue coloring contains
more blue vertices v that belong to a copy of F rooted at v than does the associated
coloring of S, a contradiction. Hence every blue vertex v must belong to a copy of F
rooted at v. This implies that the red–blue coloring associated with S is an F-coloring
of G, and so F(G)6 (G). Consequently, F(G) = (G).
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3.3. The parameter F3 (G)
While the parameters F1 (G) and F2 (G) are well-known parameters (albeit in a
disguised form), the parameter F3 (G) appears to be new. However, at rst glance,
one might think that F3-domination is the same as the distance domination parameter
called k-step domination introduced in [14]. A set S ⊆ V (G) is a k-step dominating set
if for every vertex u∈V (G)−S, there exists a path of length k from u to some vertex
in S. The k-step domination number ∃k(G) is the minimum cardinality of any k-step
dominating set of G. Similarly, for F3-domination every blue vertex must have a path
of length two to some red vertex. However, the subtle diMerence in 2-step domination
and F3-domination is that the path of the later must be a blue–blue–red path, that is,
for any blue vertex v, F3-domination requires that a path v; u; w exists where u is blue
and w is red. Thus, every F3-dominating set is a 2-step dominating set, but not every
2-step dominating set is a F3-dominating set. Hence, ∃2(G)6 F3 (G) for any graph
G. Both equality and strict inequality are possible. For example, complete graphs Kn
have ∃2(Kn) = F3 (Kn) = 1 for n¿ 3, and stars K1; n−1 have ∃2(K1; n−1) = 2, while
F3 (K1; n−1) = n for n¿ 3.
Our example shows that the diMerence F3 (G)− ∃2(G) and the diMerence F3 (G)−
(G) can be made arbitrarily large. Note that a F3-dominating set need not be a
dominating set of G. Our next result illustrates this and gives a family of graphs G
with radius, rad(G), at least two for which F3 (G)−(G) can be made arbitrarily large.
Proposition 3. For each positive integer k, there exists a graph G with rad(G)¿ 2
such that F3 (G)− (G)¿ k.
Proof. For k¿ 1, let Hk be the graph obtained from the disjoint union of k+1 4-cycles
and a star K1; k+1 by joining the central vertex of the star with an edge to one vertex
in each copy of a 4-cycle. (The graph H2 is shown in Fig. 3.) If the central vertex of
the star is colored red in an F3-coloring of Hk , then each of its leaves must also be
colored red and each 4-cycle must have at least one vertex colored red, resulting in at
least 2k +3 red vertices. On the other hand, if the central vertex of the star is colored
blue in an F3-coloring of Hk , then each 4-cycle has at least two red vertices, resulting
in at least 2(k+1) red vertices. Also, it is easy to construct an F3-coloring of Hk with
exactly 2(k + 1) vertices. (An F3-coloring of H2 is illustrated in Fig. 3 where the red
Fig. 3. The graph H2.
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vertices are darkened.) Consequently, F3 (Hk)=2(k+1). It is straightforward to verify
that (Hk) = k + 2, and so F3 (Hk)− (Hk) = k.
3.4. The parameter F4 (G)
An F4-coloring of G requires that every blue vertex of G is adjacent to both a red
and a blue vertex, while F4 (G) is the minimum number of red vertices required in
such a 2-stratication of G. Thus, F4 (G) is the known domination parameter called the
restrained domination number r(G). A set S ⊆ V (G) is a restrained dominating set if
every vertex not in S is adjacent to a vertex in S and to a vertex in V (G)− S. Every
graph has a restrained dominating set since S = V (G) is such a set. The restrained
domination number r(G) is the minimum cardinality of a restrained dominating set
of G. Thus we have:
Proposition 4. If F = F4, then F(G) = r(G) for all graphs G.
The concept of restrained domination in graphs was introduced and studied by
Domke et al. [7]. Clearly, r(G)¿ (G). The graphs Hk constructed in Proposition
3 satisfy r(Hk) = 2k + 3, while (Hk) = k + 2, and so strict inequality is possi-
ble. This example also serves to illustrate that F3 (G)¡F4 (G) is possible. Every
F4-coloring of G is also an F3-coloring of G. Hence we have the following inequality
relationship.
Proposition 5. For every graph G, F3 (G)6 F4 (G), and strict inequality is possible.
3.5. The parameter F5 (G)
An F5-coloring of G requires that every blue vertex of G is adjacent to (at least)
two red vertices, while F5 (G) is the minimum number of red vertices required in such
a 2-stratication of G. Thus, F5 (G) is the well-known domination parameter called
the 2-domination number 2(G) as dened by Fink and Jacobson [8]. A set S ⊆ V (G)
is a k-dominating set if every vertex not in S is adjacent to at least k vertices in S.
The k-domination number of G, denoted by k(G), is the minimum cardinality of a
k-dominating set of G. Thus we have:
Proposition 6. If F = F5, then F(G) = 2(G) for all graphs G.
4. A 2-stratied K3
The two 2-stratied graphs K3 rooted at a blue vertex v are shown in Fig. 4, where,
once again, the red vertices are indicated by solid vertices.
The parameters F6 (G) and F7 (G) appear to be new. Obviously, in any F6-coloring
or F7-coloring of G, every vertex not on a triangle of G must be colored red. We
make the following observation.
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Fig. 4. The two 2-stratied graphs K3.
Observation 7. For any graph G of order n, F6 (G) = F7 (G) = n if and only if G is
triangle-free.
Although it may rst appear that F7 (G)6 F6 (G) for every graph G, we show that
these parameters are not comparable. Let Gm be obtained from m disjoint triangles by
identifying a vertex from each triangle into a new vertex v, that is, Gm is the join
K1 + mK2, where deg(v) = 2m. Then 1 = F7 (Gm)¡F6 (Gm) = m + 1. On the other
hand, let J‘ be obtained from a triangle on the three vertices u; v; w by adding ‘ new
vertices adjacent to each pair of vertices in {u; v; w}. Then J‘ has order 3(‘ + 1),
F7 (J‘) = ‘ + 1, while F6 (J‘) = 3.
Note that any F7 -set is also a restrained dominating set and any F6 -set is also a
2-dominating set, so r(G) = F4 (G)6 F7 (G) and 2(G) = F5 (G)6 F6 (G) for any
graph G.
For k¿ 2, a Kk -dominating set in a graph G is a subset S of V (G) such that
every vertex in V (G) − S is contained in a complete subgraph isomorphic to Kk and
containing at least one vertex of S. The Kk -domination number Kk (G) is the minimum
cardinality of a Kk -dominating set. Clearly, K2 (G) = (G). Results on the concept of
complete domination in graphs appear in [12] and elsewhere.
The red vertices in either an F6-coloring or an F7-coloring form a K3-dominating
set, and so K3 (G)6min{F6 (G); F7 (G)}. The diMerence min{F6 (G); F7 (G)}−K3 (G)
can be made arbitrarily large. To see this, let Lk be the graph obtained from the graphs
Gk and Jk+2 (described after Observation 7) by identifying the vertex v of Gk with the
vertex v of Jk+2. Then K3 (G) = 2, F6 (G) = F7 (G) = k + 3.
4.1. The parameter F6 (G)
Our aim in this section is to establish a sharp upper bound on F6 (G) in terms of the
order of the graph G. In an F6-coloring of G, every vertex that is not in a triangle is
colored red. Hence, in what follows we shall restrict our attention to graphs in which
every vertex is in a triangle. A triangle that contains three red vertices will be called a
red triangle. In the following proof we will have occasion to use a direct consequence
of Ore’s classic result [15].
Theorem 8 (Ore). If G is a graph of order n without isolated vertices, then (G)6 n=2.
Theorem 9. If G is a graph of order n in which every vertex is in a triangle, then
F6 (G)6
2n
3
;
and this bound is sharp.
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Proof. Assume, to the contrary, that there exists a graph G of order n every vertex of
which is in a triangle but F6 (G)¿ 2n=3. We may further assume that every edge of G
belongs to a triangle since, otherwise, we can delete any edges belonging to no triangle
to produce a new graph G′ satisfying F6 (G
′) = F6 (G). Among all F6 -colorings of
G, choose one that maximizes the number of red triangles. In this chosen coloring,
let B = {b1; b2; : : : ; bk} denote the set of blue vertices and let R denote the set of red
vertices. By assumption, |R|¿ 2k. We now partition R into two sets R1 and R2 as
follows. For i=1; 2; : : : ; k, let Ti be a triangle in which bi is the root of a copy of F6.
Thus for each i, 16 i6 k, Ti contains two red vertices and the blue vertex bi. Let
R1 =
k⋃
i=1
V (Ti)− B:
Then |R1| = 2k − ‘ for some integer ‘, 06 ‘6 2(k − 1). Further, let R2 = R − R1.
Then |R2|= ‘ + r for some positive integer r.
We claim that every triangle containing a vertex of R2 contains two blue vertices.
If this is not the case, then either some vertex of R2 belongs to a red triangle or a
triangle with exactly one blue vertex. If a vertex of R2 is in a red triangle, then it
may be recolored blue to produce an F6-coloring of G that colors fewer than F6 (G)
vertices red, which is impossible. On the other hand, if a vertex x of R2 is in a triangle
with exactly one blue vertex, say bi, then we can interchange the colors of x and bi
to produce a new F6 -coloring of G that contains more red triangles than our original
F6 -coloring, a contradiction. Therefore, as claimed, every triangle with a vertex of R2
contains two blue vertices.
Necessarily, |B|¿ |R2|+1, for if |B|6 |R2|, then we could interchange the colors of
the vertices in B∪R2 to produce an F6-coloring of G with at most F6 (G) red vertices
and that contains more red triangles than the original F6 -coloring, a contradiction.
For each i= 1; 2; : : : ; k, let ei be the edge in the triangle Ti that is not incident with
bi, and let
EB =
k⋃
i=1
{ei}:
Further, let H = 〈EB〉 be the subgraph induced by the edge set EB. Then V (H) = R1
and E(H)=EB. Let R′1 be a -set of H . Since H has no isolated vertex, it follows by
Ore’s Theorem [15] that |R′1|6 |V (H)|=2= k − ‘=2. We now interchange the colors of
the vertices in B∪(R−R′1) to produce a new F6-coloring of G. Since |R′1|+ |B|6 2k−
‘=2¡ 2k + r= |R|= F6 (G), the number of red vertices in this F6-coloring is less than
F6 (G), which is impossible. Therefore, F6 (G)6 2n=3.
That the bound in the statement of the theorem is sharp, may be seen as follows.
The corona G = Kk ◦ K2 is connected, has order n = 3k, and every vertex is in a
triangle (and if k = 2, every edge is in a triangle). For any F6-coloring of G, at least
two vertices from each of the original k triangles are red. Hence, F6 (G)¿ 2k =2n=3.
However, if we color exactly two vertices from each of the original triangles red, then
we produce an F6-coloring of G that colors 2k vertices red, and so F6 (G)6 2k=2n=3.
Consequently, F6 (G) = 2n=3.
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4.2. The parameter F7 (G)
The independent domination number of G, denoted by i(G), is the minimum cardi-
nality of a dominating set in G that is independent. An independent dominating set with
minimum cardinality is called an i-set. Cockayne et al. [6] introduced the following
inequality chain involving domination parameters:
ir(G)6 (G)6 i(G)6 "0(G)6#(G)6 IR(G) (1)
(parameter denitions not given here may be found in [9]).
Since this chain rst appeared in the literature in 1978, it has been the focus of
more than 100 research papers and prompted many open questions including: Are
there other graph parameters whose values are related to those in (1)? A few studies
have determined parameters giving an aQrmative answer to this question, for example,
see [11,13]. We can also give a positive response to this question for a particular
family of graphs.
Proposition 10. If G is a graph with every edge on a triangle, then
(G)6 F7 (G)6 i(G):
Proof. Obviously, (G)6 F7 (G) for any graph G. Let S be an i-set of G. Color each
vertex in S red and all remaining vertices blue. Then every blue vertex is adjacent to
a red vertex. Since every edge is on a triangle and S is an independent set, it follows
that each blue vertex is rooted in a copy of F7. Hence, our red–blue coloring associated
with S is an F7-coloring of G, and so F7 (G)6 i(G).
We note that Proposition 10 does not hold if the condition is lessened to require
only that every vertex is contained in a triangle. For example, the graph G in Fig. 5
has every vertex on a triangle and (G) = i(G) = 3, while F7 (G) = 4.
If (G) = 1, then (G) = F7 (G) = i(G) for all graphs G where every edge is on a
triangle. We now show that for every triple (a; b; c) of integers with 26 a6 b6 c,
there exists a graph G with domination, F7-domination, and independent domination
numbers a, b, and c, respectively.
Proposition 11. For each triple (a; b; c) of integers with 26 a6 b6 c, there is a
connected graph G with every edge on a triangle having (G) = a, F7 (G) = b, and
i(G) = c.
Proof. First we consider the case where 26 a¡b6 c.
Fig. 5.
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We begin with two copies the graph Gc−a+1 (as dened following Observation 7)
having central vertices u and w and the path P :: u0; u1; : : : ; u2a−4. Let W consist of
one vertex from each of the c−a+1 graphs K2 that are joined with w. We join u and
w, add a set T of b− a new vertices adjacent to u and w, and identify u0 and u. Then
for each pair {ui; ui+1}, 06 i6 2a−5, add a new vertex adjacent to both ui and ui+1.
Finally, to each vertex u2k , 16 k6 a − 2, add a K2 and join each vertex of the K2
to u2k . It is a simple exercise to check that S = {w} ∪ {u2i | 06 i6 a− 2} is a -set,
S ∪ T is a F7 -set, and (S − {w}) ∪W is an i-set of G. Hence, (G) = 2 + a− 2 = a,
F7 (G) = (b− a) + 2 + (a− 2) = b and i(G) = 1 + (c − a+ 1) + (a− 2) = c.
Next, for the case where 36 a=b6 c, we again begin with two copies of the graph
Gc−a+1 having central vertices u and w (with the set W dened as before). Then add
a − 2 new vertices to form a complete graph Ka with the vertices u and w. Further,
for each vertex x∈V (Ka)− {u; w}, add a copy of K2 and join each vertex of the K2
to x. Let X consist of one vertex from each of the a− 2 graphs K2 that are joined to
vertices in V (Ka)−{u; w}. Then V (Ka) is both a -set and a F7 -set, and X ∪W ∪{u}
is an i-set.
For 2 = a = b = c, begin with a triangle with vertices x; y, and z. Then add three
vertices u; v, and w such that u is adjacent to x and y; v is adjacent to y and z; and
w is adjacent to x and z. The set {u; z} is a -set, a F7 -set, and an i-set.
Finally, we consider 2=a=b¡c. We begin with two copies the graph Gc−2 having
central vertices u and w. Let W consist of one vertex from each of the c − 2 graphs
K2 that are joined with w. We join u and w and add a new vertex y adjacent to u and
w. Then add a vertex z adjacent to y and w and a vertex t adjacent to y and u. Again,
it is a simple exercise to see that {u; w} is a -set and a F7 -set; and {u} ∪W ∪ {z}
is an i-set.
We close this section by establishing an upper bound on F7 (G) in terms of the
order of the graph G.
Theorem 12. If G is a graph of order n in which every vertex is in a triangle, then
F7 (G)¡
n
2
and this bound is asymptotically the best possible.
Proof. We proceed by induction on the order n of a graph G in which every vertex
is in a triangle. If n∈{3; 4; 5}, then F7 (G) = 1¡n=2. Suppose the result is true for
all graphs of order n′ in which every vertex is in a triangle and where 36 n′¡n and
where n¿ 6. Let G be a graph of order n in which every vertex is in a triangle. We may
assume that every edge of G belongs to a triangle, since otherwise we can delete those
edges that are in no triangle to produce a new graph G′ satisfying F7 (G
′) = F7 (G).
Assume rst that V (G) can be partitioned into two sets V1 and V2 so that for each
i = 1; 2, every vertex in the subgraph Hi induced by Vi belongs to a triangle. For
i = 1; 2, let Hi have order ni. Applying the inductive hypothesis to Hi, we have that
F7 (Hi)¡ni=2. An F7-coloring of H1 and an F7-coloring of H2 produces an F7-coloring
of G. It follows that F7 (G)6 F7 (H1) + F7 (H2)¡n1=2 + n2=2 = n=2. Consequently,
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we may henceforth assume that there is no partition of V (G) into two sets each of
which induce a graph with every vertex in a triangle. This implies that G is con-
nected.
If rad(G) = 1, then F7 (G) = 1¡n=2. Hence we may assume rad(G)¿ 2. Let u
and v be two vertices at maximum distance apart in G, that is, d(u; v) = diamG.
Let P : u = u0; u1; : : : ; uk = v be a shortest u-v path in G. Then k¿ 2. Since every
edge of G belongs to a triangle, every edge of P certainly belongs to a triangle. For
i= 0; 1; : : : ; k − 1, let Fi be a triangle containing the edge uiui+1. Since P is a shortest
path, ui and ui+1 are the only vertices of P in Fi for each i, 06 i6 k − 1. Let x be
the vertex of F0 diMerent from u and u1. We consider two possibilities depending on
whether F0 and F1 have one or two vertices in common.
Case 1: x ∈ V (F1).
Let G′ be the graph obtained from G by deleting u and x and any vertices in
G − {u; x} that do not belong to a triangle. Since G′ contains each of the triangles
F1; F2; : : : ; Fk−1, it follows that G′ contains at least three vertices. Let G′ have order
n′. Then 36 n′¡n. Applying the inductive hypothesis to G′, F7 (G
′)¡n′=2. Let C′
be a F7 -coloring of G
′.
Suppose rst that u and x are the only vertices of G not in G′. If u1 is colored red
in C′, then we can extend C′ to a F7-coloring of G by coloring u and x blue. Then
F7 (G)6 F7 (G
′)¡n′=2¡n=2. On the other hand, if u1 is colored blue in C′, then
we can extend C′ to a F7-coloring of G by coloring, for example, u red and x blue.
Then F7 (G)6 F7 (G
′) + 1¡n′=2 + 1 = n=2. In any event, F7 (G)¡n=2. Henceforth
we may assume that n′6 n− 3.
Let W denote the nonempty set V (G)− (V (G′) ∪ {u; x}). Since every vertex of G
belongs to a triangle, and since P is a shortest path between two vertices of maximum
eccentricity in G, it follows that each vertex w of W belongs to a triangle, say Fw, that
contains one of u and x and one vertex of G′. Let UR={w∈W |Fw contains u and a red
vertex of G′}, XR = {w∈W |Fw contains x and a red vertex of G′}, UB = {w∈W |
Fw contains u and a blue vertex of G′}, and XB = {w∈W |Fw contains x and a blue
vertex of G′}. Since at least one of UR∪UB and XR∪XB is nonempty, we may assume
that |UR|+ |UB|¿ 1.
Suppose then that XB∪XR=∅. If u1 is red, dene U ′R=UR∪{x} and U ′B=UB. On the
other hand, if u1 is blue, then dene U ′B=UB∪{x} and U ′R =UR. If |U ′R|¿ |U ′B|, then
we color the vertices in U ′R ∪ {u} blue and the vertices in U ′B red. On the other hand,
if |U ′R|¡ |U ′B|, then we color the vertices in U ′R ∪{u} red and the vertices in U ′B blue.
In any event, we can extend C′ to a F7-coloring of G by coloring at most (n− n′)=2
vertices in V (G) − V (G′) red. Hence, F7 (G)6 F7 (G′) + (n − n′)=2¡n′=2 + (n −
n′)=2 = n=2, producing the desired result. Hence we may assume that |XR|+ |XB|¿ 1.
If |UR|¿ |UB|, then we color the vertices in UR ∪ {u} blue and the vertices in UB
red. On the other hand, if |UR|¡ |UB|, then we color the vertices in UR ∪ {u} red
and the vertices in UB blue. Similarly, if |XR|¿ |XB|, then we color the vertices in
XR ∪ {x} blue and the vertices in XB red. On the other hand, if |XR|¡ |XB|, then we
color the vertices in XR ∪ {x} red and the vertices in XB blue. In this way we can
extend C′ to a F7-coloring of G by coloring at most (n− n′)=2 additional vertices red,
whence F7 (G)¡n=2.
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Case 2: x∈V (F1).
Then V (F0) = {u; u1; x} and V (F1) = {u1; u2; x}. Let G′ be the graph obtained from
G by deleting u and any vertices that do not belong to any triangle in G−u. Since G′
contains each of the triangles F1; F2; : : : ; Fk−1, it follows that G′ contains at least three
vertices. Let G′ have order n′. Then 36 n′¡n. Applying the inductive hypothesis to
G′, we have F7 (G
′)¡n′=2. Let C′ be a F7 -coloring of G
′.
Assume rst that there are at least two vertices of G not in G′. Let W denote the
nonempty set V (G) − (V (G′) ∪ {u}). Necessarily, each vertex w of W belongs to a
triangle, say Fw, that also contains u and one vertex ofG′. LetUR={w∈W |Fw contains u
and a red vertex of G′} and let UB = {w∈W |Fw contains u and a blue vertex of G′}.
If |UR|¿|UB|, then we color the vertices in UR ∪{u} blue and the vertices in UB red. On
the other hand, if |UR|¡ |UB|, then we color the vertices in UR ∪{u} red and the vertices
in UB blue. In any event, we can extend C′ to a F7-coloring of G by coloring at most
(n− n′)=2 vertices in V (G)−V (G′) red. Hence, F7 (G)6 F7 (G′)+ (n− n′)=2¡n′=2+
(n − n′)=2 = n=2. Hence we may assume that u is the only vertex of G not in G′.
Thus each vertex of G, diMerent from u, belongs to a triangle that does not contain u.
Assume rst that k = 2. Then u2 = v. Let F be the graph obtained from G by
deleting v and any vertices that do not belong to any triangle in G − v. Using a
similar argument as above (with ‘u’ replaced by ‘v’) we may assume that v is the only
vertex of G not in F , for otherwise F7 (G)¡n=2. Thus each vertex of G, diMerent
from v, belongs to a triangle that does not contain v. It follows that each vertex of
G belongs to a triangle that contains u1 or x. Let Vu1 denote the set of vertices of
G that belong to a triangle that contains u1 but not x, and let Vx denote the set of
vertices of G that belong to a triangle that contains x but not u1. Since rad(G)¿ 2,
|Vu1 |¿ 1 and |Vx|¿ 1. Without loss of generality, we may assume that |Vu1 |¿ |Vx|.
We now color the vertices in Vx ∪ {u1} red and all remaining vertices (including u
and v) blue. This produces an F7-coloring of G with |Vx|+1 red vertices and at least
|Vu1 |+ |{u; x; v}|= |Vu1 |+3¿ |Vx|+3 blue vertices. Hence, F7 (G)6 (n− 2)=2¡n=2.
Thus we may assume that k¿ 3.
Let G∗ be the graph obtained from G by deleting u; u1; x and any vertices that do not
belong to a triangle in G − {u; u1; x}. Since k¿ 3, G∗ contains each of the triangles
F2; F3; : : : ; Fk−1, and so G∗ contains at least three vertices. Let G∗ have order n∗.
Then 36 n∗¡n. Applying the inductive hypothesis to G∗, F7 (G
∗)¡n∗=2. Let C∗
be a F7 -coloring of G
∗.
By assumption, there is no partition of V (G) into two sets each of which induces a
graph with every vertex in a triangle. Hence there must be at least one vertex of G, dif-
ferent from u; u1; x, that does not belong to G∗. Let W denote the nonempty set V (G)−
(V (G∗)∪{u; u1; x}). Since each vertex of G, diMerent from u, belongs to a triangle that
does not contain u, it follows that each vertex w of W belongs to a triangle, say Fw, that
contains one of u1 and x and one vertex of G∗. Let UR = {w∈W |Fw contains u1 and
a red vertex of G∗}, XR = {w∈W |Fw contains x and a red vertex of G∗}, UB =
{w∈W |Fw contains u1 and a blue vertex of G∗}, and XB={w∈W |Fw contains x and
a blue vertex of G∗}. Assume, without loss of generality, that |UR|+ |UB|¿ 1.
Assume rst that |XB| = |XR| = 0. If |UR|¿ |UB|, then we color the vertices in
UR ∪ {u1; x} blue and the vertices in UB ∪ {u} red. On the other hand, if |UR|¡ |UB|,
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then we color the vertices in UR ∪ {u1} red and the vertices in UB ∪ {u; x} blue. In
any event, we can extend C∗ to a F7-coloring of G by coloring at most (n− n∗− 1)=2
vertices in V (G) − V (G∗) red. Hence, F7 (G)6 F7 (G∗) + (n − n∗ − 1)=2¡n∗=2 +
(n − n∗ − 1)=2¡n=2. Hence we may assume that |XR| + |XB|¿ 1. In particular, this
implies that x belongs to a triangle that does not contain u or u1.
We now consider the graph G′′ obtained from G by deleting u and u1 and any
resulting vertices that do not belong to any triangle. Since k¿ 3, G′′ contains each of
the triangles F2; F3; : : : ; Fk−1, and so G′′ contains at least three vertices. Furthermore,
we know that x belongs to G′′. Let G′′ have order n′′. Then 36 n′′¡n. Applying the
inductive hypothesis to G′′, we have F7 (G
′′)¡n′′=2. Let C′′ be a F7 -coloring of G
′′.
Let W denote the set of vertices of G not in G′′ that are diMerent from u1. Note
that u∈W . Since each vertex of G, diMerent from u, belongs to a triangle that does
not contain u, it follows that each vertex w of W belongs to a triangle, say Fw, that
contains u1 and a vertex of G′′. Let UR={w∈W |Fw contains a red vertex of G′′} and
let UB={w∈W |Fw contains a blue vertex of G′′}. If |UR|¿ |UB|, then we color the
vertices in UR∪{u1} blue and the vertices in UB red. On the other hand, if |UR|¡ |UB|,
then we color the vertices in UR ∪ {u1} red and the vertices in UB blue. In any event,
we can extend C′′ to a F7-coloring of G by coloring at most (n − n′′)=2 additional
vertices red. Hence, F7 (G)6 F7 (G
′′) + (n − n′′)=2¡n′′=2 + (n − n′′)=2 = n=2. This
completes the proof of the upper bound in the theorem.
We now show that the upper bound is asymptotically best possible. For m even,
let Fm be the graph of order nm obtained from a complete graph Km on m vertices
by adding ‘¿ 2 new vertices adjacent to each pair of vertices in the complete graph
Km. Then nm = m + (
m
2 )‘. Now Fm has m + 1 diMerent minimal F7-colorings (where
an F7-coloring is minimal if no red vertex can be recolored blue) depending on how
many vertices of Km are colored red. For 06 k6m, let
f(k) = k +
(
k
2
)
‘ +
(
m− k
2
)
‘:
Then a minimal F7-coloring that colors exactly k vertices of Km red colors exactly
f(k) vertices of Fm red. A straightforward calculus argument shows that if k is a real
number, then f(k) is minimized when k =m=2− 1=(2‘). Hence, since k is an integer
and f(k) is a quadratic in k, f(k) is minimized when k is the nearest integer to
m=2− 1=(2‘), i.e., if k = m=2. Hence, setting k = m=2 we have
F7 (Fm) = f
(m
2
)
= k + 2
(
k
2
)
‘
and
nm = 2k +
(
2k
2
)
‘:
Thus, as k →∞,
F7 (Fm)
nm
=
1 + k‘ − ‘
2 + 2k‘ − ‘ →
1
2
:
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Equivalently, for any -¿ 0, we can choose k large enough so that
F7 (Fm)¿
nm − -
2
:
This shows that the upper bound in the statement of the theorem is in a sense best
possible.
5. Extensions
The concepts explored thus far may be extended in a number of ways.
(1) Let F= {F1; F2}, where F1 is a 2-stratied graph rooted at some blue vertex v,
and where F2 is a 2-stratied graph rooted at some red vertex u. By denition,
F1 contains at least one red vertex while F2 contains at least one blue vertex. We
dene an F-coloring of a graph G to be a red–blue coloring of the vertices of
G such that every blue vertex v of G belongs to a copy of F1 rooted at v and
every red vertex u of G belongs to a copy of F2 rooted at u.
(2) Let F = {F1; F2; : : : ; Fm}, where Fi, 16 i6m, is a 2-stratied graph rooted at
some blue vertex v. We dene an F-coloring of a graph G to be a red–blue
coloring of the vertices of G such that every blue vertex v of G belongs to a
copy of Fi rooted at v for every i = 1; : : : ; m.
In both cases, we dene the F-domination number F(G) of G as the minimum
number of red vertices of G in an F-coloring of G.
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